1. Introduction. The concept of injectivity in classes of algebras can be traced back to Baer's initial results for Abelian groups and modules in [1] . The first results in non-module types of algebras appeared when Halmos [14] described the injective Boolean algebras using Sikorski's lemma on extensions of Boolean homomorphisms [19] . In recent years, there have been several results (see references) describing the injective algebras in other particular equational classes of algebras.
In [10], Eckmann and Schopf introduced the fundamental notion of essential extension and gave the basic relations that this concept had with injectivity in the equational class of all modules over a given ring. They developed the notion of an injective hull (or envelope) which provided every module with a minimal injective extension or equivalently, a maximal essential extension. In [6] and [9] , it was noted that these relationships hold in any equational class with enough injectives.
In this paper, the problem of enough injectives in an equational class is reduced to properties of the subdirectly irreducible algebras in the class. Using this approach, a general existence theorem is proven which gives as corollaries many of the known results. In particular, it shows that non-pathological, equationally complete equational classes in which every algebra has a congruence lattice which is distributive (such a class will be called congruence distributive) has enough injectives. Modulo the results for Boolean algebras in [8] , the injective algebras and the passage to injective hulls are described.
Preliminaries.
All universal algebraic concepts may be found in [12] , and all categorical results in [18] . As usual, an equational class will be considered as a category with all homomorphisms between algebras in the class. We will use upper case letters, A, to denote algebras, and \A\ to denote their underlying sets.
Let $ be an equational class. An algebra Q G $ is called injective if for every B G $, every subalgebra A of B (written A ^ B) and every/: A -» Q, there exists (a homomorphism) g: B -» <2 extending/(i.e., g | ^4 = f). A monomorphism /: A >-> B is called essential if for any C £ $ and any g: B -> C, gf is injective if and only if g is. Since $ is assumed to be an equational class, this is equivalent to the fact: the only congruence relation, 9, on B which separates (i.e., does not identify any pair of distinct points in) A is A B , the identity relation on B. If A ^ B, and the natural embedding is essential, we write A ^E B and say that A is a large subalgebra of B. An algebra A G JÏ is said to have no proper essential extensions (in $!) if every essential monomorphism (in S) with domain A is an isomorphism. A G $t is called an absolute sub-retract (in $!) if every monomorphism in $, with domain A, splits (i.e.,/: A >-> B G $ implies there exists g: B -» A with g/ = 1 A ). In an equational class these two properties are equivalent since by a standard Zorn's Lemma argument on the set of all congruence relations, 6, on B with (/ X /) -1 (#) = A Al every monomorphism can be continued to an essential monomorphism (i.e., if/: A >-> 5, there exists g: B -» C such that g/: ^4 >-> C is essential). An infective hull of A in $ is an infective essential extension (i.e.,/: A >-» 5 is essential and 5 G $ is injective). Finally, $ is said to have enough injectives if every algebra in St has an injective extension (in $).
The following results can be found in [6] . Since every homomorphism can be factored into the composition of a monomorphism and a surjective homomorphism, the pushout criterion in condition (3) of 2.2 is equivalent (in an equational class) to the conjunction of the following two properties. Therefore, if $ has enough injectives, the injective hull of every i G ts/ will also be in $ S i, and in this sense $ will have "enough injective subdirectly irreducibles". Conversely, if every S £ $si has an extension T £ $si which is injective in S, then by BirkhofFs Subdirect Representation Theorem, $ will have enough injectives. This gives the following and at times more applicable result:
. An equational class has enough injectives if and only if it has enough injective subdirectly irreducibles.
In particular cases where we have an explicit description of $ si, this is a more viable procedure for determined when S has enough injectives. This is essentially the method used in [3 ; 8 ; 9] .
Before proceeding with the main existence theorem, we must first examine an interesting pathology that occurs when the equational class under consideration has no nullary operations defined in its type.
If $ is such an equational class, then the empty algebra, 0, is in $ and clearly the empty monomorphism/: 0 >-» {x} is essential. In fact, any singleton algebra in $ is an injective hull of 0 with respect to the empty map. Moreover, if Q £ $ is injective, the empty map g: 0 -* Q must extend to g: {x} >-> Q (i.e., g of = g) and therefore every injective in $ has a one element subalgebra.
If we then define "Boolean Algebras" as algebras of type (2, 2, 1) with the usual operations of join, meet, and complementation (to the usual distributive lattice and DeMorgan laws add xvx' = yvy r ), this equational class has only trivial injectives even though it differs only slightly from Boolean algebras (defined with 0 and/or 1 as miliary operations). In order to avoid this pathology, we will need the following condition.
Definition. An algebra A is called 0-regular if 0 ^ A (i.e., no miliary operations) implies A has at least one one-element subalgebra.
The main theorem.
General existence theorems for enough injectives of an algebraic nature (as opposed to Banaschewski's condition in 2.2) may not be possible. However, the power of Jonsson's Lemma and its consequences (see [15] ) allow some hope if one considers only congruence distributive equational classes.
Definition. An algebra A is called self-injective if it is 0-regular and any homomorphism of a subalgebra of A into A, extends to an endomorphism of A.
Clearly, if A is infective in any equational class (of its type), then A will be self injective but in general, self-injectivity is independent of equational class considerations. (
1) $ has enough injectives. (2) $ satisfies (AP) and (CEP) (i.e., pushouts preserve monomorphisms). (3) S is self-injective.
Proof. Since 5 is finite and $ = SP(5), $lsi ^ S(S) and S has no proper essential extensions in $ by 3.1. Therefore, even without congruence distributivity, (1) is equivalent to (2) by 2.1, 3.2, and the fact that in any category where pushouts preserve monomorphisms, the injective objects are exactly the absolute subretracts (see, for example, [5] ). Clearly then, (1) implies (3) and we need only show that (3) implies (1) .
It will suffice to show that 5 is injective as JÎ = SP(5) and any product of injectives is again injective. Since S is 0-regular and again since $ = SP(5), we need only complete commutatively diagrams of the form in Figure ( be the system of all equational subclasses of distributive lattices with pseudocomplementation (see [16] for terminology). Then the injectives in 33 oe are exactly the complete Boolean algebras. (That these are injective follows from a Glinenko-Stone Theorem argument as used in [4] for Heyting algebras. That no non-Boolean algebra in 33 is injective follows from the fact that every such algebra has Bi, the three element chain, as a subalgebra and B\ has arbitrarily large essential extensions, namely B for each Boolean algebra B.) COROLLARY [3] ) and 332-By [13] and the second condition in 4.1, these are the only proper equational subclasses that satisfy (AP). For, if n ^ 3, and A 2 = {0,a,a f , 1} ^ ^4 n with a an atom of A n , then/: A 2 -^ A n by f (p) = CL' and/(a') = a cannot be extended to an endomorphism. Therefore, A n is self-injective if and only if n ^2.
The only non-trivial equational subclasses of 33 that have enough injectives are 33o {Boolean algebras) 33i {Stone Lattices
The next result is also an immediate corollary but because of its (almost) purely algebraic nature it seems to deserve a more prestigous title.
THEOREM 4.5. Every equationally complete, congruence distributive equational class that contains a non-trivial 0-regular finite algebra has enough injectives.
Proof. If JÎ is such a class and 5 £ $si is a homomorphic image of the nontrivial finite 0-regular algebra, then 6* is finite and 0-regular. By [15], 3.5, and equational completeness, it follows that 5 is the only (up to isomorphism) subdirectly irreducible algebra in $. Therefore, $ = SP(5). Since S is finite and every non-trivial subalgebra of S must have 5 as a homomorphic image, S has at most trivial subalgebras. Therefore, 5 is self-injective and $ has enough injectives.
Note. It also follows from the finiteness of S that S is simple. COROLLARY 4.7. Every equational class generated by a primal algebra has enough injectives.
Equationally complete equational classes. In [8], Banaschewski and
Bruns showed that the injective hull of a Boolean algebra is its MacNeille (or Normal) completion. Modulo these results, an explicit description of the injective algebras and the passage to injective hulls can be given for those equationally complete, congruence distributive equational classes considered in 4.5.
Let $ = SP(5) be an equationally complete, congruence distributive equational class with S a finite 0-regular subdirectly irreducible. Then as in the proof of 4.5, 5 1 is simple, has at most trivial subalgebras, and is up to isomorphism the only subdirectly irreducible in $.
If at least two distinct elements of S are images of miliary operations of r, the type of S, then 5 has no proper subalgebras and only the identity endomorphism. Otherwise, let T be the set of all elements of S that are not images of miliary operations in r and define a new type f = r \J (\ t ) teT where A, = 0 for all t G T (without loss of generality the domain of r and T are disjoint). Let S be the algebra of type r obtained from 5 by the adjunction of the nullary operations /xf(0) = t (t £ T) and let § be the equational class of type f generated by 5. Now clearly $t = SP (5) is equationally complete and congruence distributive. By 4.5, M has enough injectives. We want a relation between the injectives in S and those in $. Proof. Every non-trivial injective in $ is a r-retract of some power of S. By forgetting the added nullary operations, this algebra becomes a r-retract of the same power of 5 and so is injective in $.
Conversely, if Q is a non-trivial injective in S, Q is a r-retract of some power of S. Therefore, there exists /: Let Q be the algebra obtained from Q by the adjunction of these extra nullary operations (f\ t Q )teT-It follows easily that Q is injective in §.
Without loss of generality, we will assume throughout the remainder of this section that S has no proper subalgebras. This will imply that S has only the identity endomorphism and that for each set 7, Hom(5 7 , S) is naturally isomorphic to 12(7), the set of ultrafilters on I. Let 33 be the equational class of Boolean algebras (defined with 0). That U is a functor is implicit in [12, pp. 146-151] . Moreover, U preserves products, equalizers (= monomorphisms in 33), and coequalizers (since every finite Boolean algebra is projective). Since 33, qua category, is locally small and has a cogenerator 2, by general category theory there exists an adjoint functor F: $ -* 33. We wish to give an explicit description of an adjoint. Prooj. Since every Boolean algebra is a subalgebra of a power set algebra P(I) for some set 7, and since £7 and F preserve monomorphisms, it is sufficient in lieu of Figure ( iii) (b) to show that eP(7) is a monomorphism (hence isomorphism) for each set 7.
Now by [12, p. 147] , there exists a canonical isomorphism:
f:S'~U(P(I))
given by:/(a)(s) = Eq(a, A(s)) = {i € /: a(i) = s}. Therefore, we need only show that:
is a monomorphism, where Proof. Since F preserves monomorphisms, by [6] £7 preserves injectives. Conversely, if Q G $ is a non-trivial injective in $, then for some set 7 we have:
T -»Q with gf = l Q .
By applying F, we have FQ is a retract of F(S J ) which is isomorphic to P(I), a complete Boolean algebra. From 5.6 it follows that Q >-» UFQ and FQ is a complete Boolean algebra. For, this property holds in 53 by [8] .
